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Abstract
In the paper we give an upper bound for multiple point Seshadri constants in half-periods on
an abelian surface. In particular, we prove that they are rational.
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1. Introduction
Seshadri constants were introduced by Demailly [4] and since then have been widely
investigated, cf. e.g. [2,3,5,6,8]. Let us recall the de?nition.
Denition 1. Let L be a numerically e@ective line bundle on a smooth projective variety
X , let x1; : : : ; xr be pairwise distinct points in X and let  be the blow-up of X in the
considered points with E1; : : : ; Er exceptional divisors. Then the number
	(L; x1; : : : ; xr) = sup
{
	 : ∗L− 	
r∑
i=1
Ei is numerically e@ective
}
is the Seshadri constant of L at x1; : : : ; xr . (When r¿ 2 it is called a multiple point
Seshadri constant).
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An alternative de?nition of Seshadri constants is given in the next section. Seshadri
constants satisfy the following bounds [5].
Proposition 2. For L, an ample line bundle on a smooth projective variety X of
dimension n, we have 0¡	(L; x1; : : : ; xr)6 n
√
Ln
r .
The exact values of Seshadri constants are, in most cases, hard to calculate, even if
r = 1. It is still an open problem whether a Seshadri constant can be a non-rational
number. The interested reader can look at [2,9] and to the references therein.
In the present paper we deal with abelian surfaces, continuing the work of Szemberg
and Bauer (see [3]) and of Bauer (see [2]). In [3] it is proved that a Seshadri constant
(in one point) on an abelian surface is always rational and an upper bound is given.
In [2], Bauer proves that for abelian surfaces with Picard number one, this bound is
actually attained. Here we prove the following.
Theorem 3. Let S be an abelian surface with an ample line bundle L of type (1; d).
Let e1; : : : ; er denote r of the 16 half-periods of S. Then
(1) If
√
2d
r is a rational number, then
	(L; e1; : : : ; er) =
√
2d
r
:
(2) If
√
2d
r is not a rational number, then
	(L; e1; : : : ; er)6 2d
k0
l0
;
where (k0; l0) is the primitive solution of Pell’s equation 2rdk2 + 1 = l2.
In particular, 	(L; e1; : : : ; er) is always rational (see Remark 7).
Remark 4. There are examples where one can get a better bound in (2). Indeed, take
L of type (1; 8) and r=2. It is easy to prove the existence of a curve C ∈ |L|, passing
through two half-periods with multiplicity 3. Thus 	 = 	(L; e1; e2)6 83 , whereas from
the theorem we get only 	6 4817 . The answer to the question, what are the exact values
of 	, is the aim of a future project. 0
The proofs presented in this paper are based mainly on the works of Bauer [2] and
Bauer and Szemberg [3]. To make it self-contained we include some basic de?nitions
and facts.
2. Preliminaries
Notation. We work over the ?eld of complex numbers. All varieties are assumed to
be smooth and projective. If X is a variety, by Hi(X;F) = Hi(F) we denote the
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cohomology groups of a coherent sheaf F on X and by hi(F) their dimensions. For a
line bundle L and a divisor D on X we use often the notation L+D meaning OX (D)⊗L.
The pth tensor power of a line bundle L is denoted by pL, the intersection number
by LC, and the linear equivalence of line bundles by ∼.
Seshadri constants on surfaces, submaximal curves: Let us ?rst recall the alternative
de?nition of a Seshadri constant (see [4]).
Denition 5. Let L be a numerically e@ective line bundle on a smooth projective
variety X . Let x1; : : : ; xr , r¿ 1 be pairwise distinct points on X . Then
	(L; x1; : : : ; xr) = inf
{
LC
multx1C + · · ·+multxrC
:
C is a reduced and irreducible curve in X
}
is the (multiple point) Seshadri constant of L at x1; : : : ; xr .
Let n= dim X . One has the following:
Denition 6. A curve C satisfying LCmultx1C+···+multxr C
¡ n
√
Ln
r is called a submaximal
curve. A Seshadri constant is called submaximal if it is strictly less than n
√
Ln
r .
Remark 7. Ste@ens [8] shows that if a (multiple point) Seshadri constant on a surface
is submaximal, then it must be rational.
Symmetric line bundles: Let us start with some facts concerning line bundles on
abelian surfaces. We follow [7], mainly Sections 3.1, 4.6 and 4.7.
Let S be an abelian surface, i.e. S=C2=, where  is a lattice in C2 of rank 4, and
there exists an ample line bundle on S.
A line bundle L on an abelian surface gives rise to a unique hermitian form H :
C2 → C, whose imaginary part, E= ImH satis?es E(;) ⊂ Z. (This hermitian form
is the image of L in H 2(S;Z).) The matrix E, in a certain basis {1; 2; 1; 2} of ,
can be written as

0 0 d1 0
0 0 0 d2
−d1 0 0 0
0 −d2 0 0


with d1, d2 natural numbers, such that d1 divides d2. The vector (d1; d2) is called the
type of the line bundle. The basis {1; 2; 1; 2} is called the symplectic basis of 
for L. Let – denote the natural involution on S; – : S → S, –(x) =−x.
Denition 8. A line bundle L on S is symmetric if and only if –∗L ∼ L. Analogously,
a divisor D is symmetric if and only if –∗D = D.
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Proposition 9 (Lange and Birkenhake [7, Lemma 4.6.3]). Let L be a symmetric line
bundle on S. Then there exists exactly one map –L, such that
1. The following diagram commutes:
L –L−−−−−→ L

S –−−−−−→ S
2. –Lx : Lx → Lx is C-linear for every x,
3. –L0: L0 → L0 is the identity.
Let L be ample and symmetric. The map –L induces an involution –∗L on H
0(L). The
eigenspaces of this involution are denoted by H 0(L)+ and H 0(L)−, and we say that a
section s∈H 0(L) is even if s∈H 0(L)+ and odd if s∈H 0(L)−.
Let now e1; : : : ; e16 denote half-periods of S, i.e. elements of 12. Observe, that –L
operates on Lei by multiplication by +1 or −1.
Denition 10. 1. If –L operates on Lei by multiplication by +1 (resp. −1) then ei is
called an even (resp. odd) half-period.
2. A symmetric divisor D is called even (odd) if mult0 D is even (odd).
In [1], Bauer proved the following.
Proposition 11. Let D be a symmetric divisor in L. Then the multiplicity of D in ei
is: even if D and ei are both even or both odd; odd otherwise.
The dimensions of H 0(L)+, H 0(L)− can be obtained from the following formula
(see [1,7, Section 4.7]):
Proposition 12. The respective dimensions of the subspaces H 0(S; L)± are equal:
h0(S; L)± =
d1d2
2
− n
∓
4
+ 2;
where n∓ is the number of odd (resp. even) half-periods of L.
The number of even (odd) half-periods of a line bundle can be calculated in terms
of the type of the bundle and its characteristic. Now we introduce the notion of char-
acteristic and some of its properties. We follow [7, Sections 2.2, 3.1, 4.6].
Let L be a line bundle on S. Let H be the hermitian form given by L and let
E = ImH .
Denition 13. 1. C1 denotes the circle group {z ∈C | |z|= 1}.
2. A semicharacter for H is a map  : → C1 satisfying (+)=()()eiE(;),
for all , ∈.
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3. Take the symplectic basis of , mentioned at the beginning of this section. Take
a decomposition of =〈1; 2〉⊕〈1; 2〉 into subsets isotropic with respect to E. Such
a decomposition is called a decomposition of  for L. A decomposition of C2=V1⊕V2
with real vector spaces V1, V2 is a decomposition for L if (V1∩〈1; 2〉)⊕(V2∩〈1; 2〉)
is a decomposition for .
4. (L) := {v∈C2|E(v; ) ⊂ Z}.
The Appel–Humbert theorem (see [7, Section 2.2]) says that there is one-to-one cor-
respondence between line bundles on S and the pairs (H; ), where H is a hermitian
form, with imaginary part E, such that E(;) ⊂ Z and where  is a semichar-
acter for H . The line bundle corresponding to the pair (H; ) will be denoted by
L(H; ).
Assume that L is ample. Take a decomposition of C2 for L. De?ne a map 0 : C2 →
C1 by 0(v) = eiE(v1 ; v2), where v= v1 + v2, vj ∈Vj, j = 1; 2. It is not diMcult to check
that 0 restricted to  is a semicharacter for H . Now we can ?nally de?ne:
Denition 14. The line bundle L0 := L(H; 0) has characteristic 0.
Lemma 15. Let  be any semicharacter for H . For a line bundle L = L(H; ) there
exists a point c∈ S (unique up to a translation by elements of (L)) such that
 = 0e2iE(c; ·), or equivalently L ∼ t∗c L0.
The following two facts characterize symmetric line bundles in terms of their char-
acteristics.
Proposition 16 (Lange and Birkenhake [7, Proposition 2.3.7]). The line bundle L =
L(H; ) is symmetric if and only if () ⊂ {−1; 1}.
Remark 17. 1. The line bundle L0 is symmetric.
2. The line bundle L of characteristic c is symmetric if and only if c∈ 12(L).
As mentioned above, the number of even (odd) half-periods of a symmetric line
bundle (so also the dimensions of H 0(L)±) depends on the type as well as on the
characteristic of the line bundle. The reader is referred to [7, Section 4.7 and Exer-
cises 4.11 and 4.14] for the full presentation of the problem. We will need only the
following:
Theorem 18 (Lange and Birkenhake [7, Corollary 4.7.6]). Let L be a symmetric line
bundle of characteristic c and type (d1; d2), with d1 even. Then
1. If L is of characteristic 0 then it has 16 even half-periods.
2. If L is of characteristic c = 0 then it has 8 even half-periods.
The parity of a given section in a given half-period may be calculated from the
following lemma (cf. [7, Proposition 4.7.2]).
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Lemma 19. Let L be a symmetric line bundle on an abelian surface S and let D be
a symmetric divisor with L= OS(D). Then
(−1)multei D = (2ei)(−1)mult0D:
Remark 20. Note, that a Seshadri constant depends only on the algebraic equivalence
class of a line bundle. Thus, changing the characteristic of a line bundle has no inNuence
on the constant. We will use this fact, choosing L of characteristic suitable for our
computations.
Pell’s equation. The diophantine equation
ak2 + 1 = l2;
where a is not a square is called Pell’s equation. It is known that it always has
in?nitely many solutions. The smallest one, (k0; l0), is called the primitive solution.
All other solutions can be obtained from the primitive one. Let (kn; ln) denote the
(n + 1)th-solution of Pell’s equation, then (k0
√
a + l0)n+1 = (kn
√
a + ln) in Z[
√
a].
Note, that there exists an e@ective method of solving Pell’s equation by means of
continued fractions.
3. Proof
Proof of Theorem 3. The idea is to prove the existence of a curve belonging to |2k0L|,
passing through e1; : : : ; er with multiplicities m1; : : : ; mr , such that m1 + · · ·+mr = 2l0,
where k0, l0 are as in the statement of the theorem. (Note, that we do not state that
C is reduced or irreducible, actually, there are cases when the constructed curve is
reducible. This happens, for example, for two half-periods and L of type (1,8).)
Turning to particulars we have
Case I: The case when
√
2d
r is integer. We will construct a curve belonging to
H 0(2L)+ with multiplicities in e1; : : : ; er equal m := 2
√
2d
r .
From Proposition 12 it follows that h0(2L)+ = 2+ 2d. As 2L is of type (2; 2d), and
we may assume that it is symmetric and of characteristic 0, all its half-periods are even.
According to Proposition 11, the multiplicity of an even section in even half-periods is
even. Thus the number of conditions imposed on a section from H 0(2L)+ to vanish in
r given half-periods with multiplicity m is at most r(1+3+ · · ·+m−1)= r(m2 )2 =2d.
The required curve exists if the number of the imposed condition is not greater than
the dimension of the linear system, so in our case if
1 + 2d6 2 + 2d;
what is satis?ed.
Case II:
√
2d
r is rational but not integer. Then
√
2d
r =
p
q , with q¿ 1 and gcd(p; q)=1.
Take M := qL (so
√
M 2
r ∈Z). Analogously as above, we construct a curve C ∈ |2M |
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with multeiC=2
√
M 2
r =2q
√
2d
r =2p, i=1; : : : ; r. Then we have 	(M; e1; : : : ; er)=q
√
2d
r ,
so 	(L; e1; : : : ; er) =
√
2d
r .
Case III:
√
2d
r is not rational. Throughout the rest of the proof (k0; l0) will denote
the primitive solution of the equation 2rdk2 + 1 = l2, with given d and r.
1. Observe that if l20 =2rdk
2
0 +1, r=1; : : : ; 16, then one of the following possibilities
hold:
a. l0 =±1mod 2r,
b. l0 = r ± 1mod 2r and r is even,
c. l0 = 19; 17; 7; 5mod 24 for r = 12,
d. l0 = 19; 11mod 30 for r = 15.
2. First we consider the easiest cases, 1a and 1b.
Take the linear system |2k0L|. We may assume that 2k0L is symmetric and of char-
acteristic 0. According to Proposition 12 we have then
h0(2k0L)+ = 2dk20 + 2:
Calculate the number of conditions imposed on an even section of |2k0L| by vanishing
at e1 with multiplicity 2s+2 and at e2; : : : ; er with multiplicities equal 2s. It is at most
(1 + 3 + · · ·+ 2s+ 1) + (r − 1)(1 + 3 + · · ·+ 2s− 1) = (s+ 1)2 + (r − 1)(s)2:
Thus, a suMcient condition for the existence of the desired curve is
1 + (s+ 1)2 + (r − 1)(s)26 2dk20 + 2
which is equivalent to
rs2 + 2s+ 26 2dk20 :
This inequality is satis?ed by
s=
−1 + l0
r
:
Note, that s is a natural number (which we need) if r divides l0 − 1, i.e. in cases
l0 = r− 1 or 2r− 1mod 2r. When l0 = r+1 or 1mod 2r, impose 2s− 2 conditions in
e1, and repeat the calculations.
Thus, for s as above there exists a curve C with multe1C=2s+2 and multejC=2s,
j = 2; : : : ; r. Calculate the sum of the multiplicities of C at e1; : : : ; er . We have m1 +
· · ·+ mr = 2rs+ 2 = 2l0, so
LC
m1 + · · ·+ mr =
2dk0
l0
;
and the proof in cases 1a and 1b is ?nished.
3. In cases 1c and 1d one has to be a bit more careful. First, observe that if the
characteristic of 2k0L is not zero, then, according to Proposition 18, the line bundle
has 8 even and 8 odd half-periods and h0(2k0L)+ = h0(2k0L)− = 2dk20 .
Take r = 15 (case 1d) and assume that among 15 chosen half-periods 7 are even
and 8 odd. Then, we construct a curve having multiplicities 2s in the even half-periods
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and 2s± 1 in the odd ones. Calculating the number of conditions imposed on an even
section to vanish with required multiplicities we get (at most) 7s2 + 8s(s + 1). Thus,
the curve exists if
1 + 7s2 + 8(s± 1)s6 2dk20 :
This inequality is satis?ed by a natural number
s=
l0 ∓ 4
15
;
and the sum of multiplicities of the curve in the chosen half-periods is 2l0, so the
theorem holds.
In case we have that among 15 chosen half-periods 8 are even and 7 odd, we proceed
exactly as above, considering an odd instead of an even section of 2k0L.
This way we are left only with 1c.
1c.1 Assume that among 12 chosen half-periods 8 are odd and 4 even. Calculating the
number of conditions imposed on an even section to vanish with multiplicity 2s ± 1
in the odd half-periods, say, e1; : : : ; e8, with multiplicity 2s in e9; : : : ; e11 and with
multiplicity 2s± 2 in e12 we get (at most):
8s(s± 1) + 3s3 + (s± 1)2;
so the required curve exists if
12s2 ± 10s+ 26 2dk20 :
This inequality is satis?ed by
s=
∓5 + l0
12
:
Observe that this s is a natural number and the sum of multiplicities of our curve in
e1; : : : ; e12 is 2l0.
1c.2. If we have 8 even and 4 odd half-periods we proceed as in 1c.1, taking an
odd section instead of an even one.
1c.3. It is of course also possible, that between 12 chosen half-periods 7 are odd/even
and 5 are even/odd or 6 are even and 6 are odd (as half-periods of 2k0L =: M). To
deal with these cases we must choose a line bundle Mc, algebraically equivalent to
M , such that our four ‘not chosen’ half-periods have, as half-periods of Mc, the same
parity. Then, necessarily, eight out of twelve ‘chosen’ half-periods of Mc must have
the same parity and we can again proceed as in 1c.1. Thus, to ?nish the proof we
need only to prove the following.
Lemma 21. Let S be an abelian surface and let M be a symmetric line bundle on
S, of type (d1; d2), with d1 even. Choose any four half-periods of M , say e1; : : : ; e4.
Then we can <nd a symmetric line bundle Mc of characteristic c = 0, algebraically
equivalent to M , and such, that e1; : : : ; e4 are half-periods of Mc of the same parity.
Proof. For our purposes we may, without loss of generality, assume that e1 = 0.
Take an even (or odd) symmetric divisor D from the system |M |. Then, according to
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Lemma 19,
(−1)multei D = (2ei)(−1)mult0D;
for any half-period ei. Thus, we have to prove that (2ej) = 1 for j = 2; 3; 4.
We know that for a symmetric line bundle of characteristic c∈ 12(M) and type
(d1; d2) with d1 even,
(2ej) = e2iE(c;2ej);
so the required c satis?es E(2c; 2ej) = 0mod 2.
As (2c)tE ∈, to ?nd c, we have to ?nd ek , such that 2ek ◦ 2ej = 0mod 2, for
j = 2; 3; 4. Then c = E−1(ek). The existence of such ek follows from the fact that to
three vectors in k4 (here k = Z2) we can ?nd the fourth, orthogonal to them.
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